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Abstract We study tunneling properties of collective excitations in spin-1 Bose-Einstein
condensates. In the absence of magnetic fields, the total transmission in the long wavelength
limit occurs in all kinds of excitations but the quadrupolar spin mode in the ferromagnetic
state. The quadrupolar spin mode alone shows the total reflection. A difference between
those excitations comes from whether the wavefunction of an excitation corresponds to that
of the condensate in the long wavelength limit. The correspondence results in the total trans-
mission as in the spinless BEC.
PACS numbers: 03.75.Lm, 03.75.Mn
1 Introduction
Bose-Einstein condensates (BECs) with internal degrees of freedom are studied as realistic
objects in the field of ultracold atomic gases1,2,3. As contrasted to a spinless BEC, a spinor
BEC has rich ground states, and also has many types of excitations. We thus expect to find
new phenomena in the spinor BEC, not seen in the spinless BEC. Through studies of these
spinor BECs, features of the spinless BEC will be also clear.
One of the striking properties in the spinless BEC is the total transmission of the Bo-
goliubov excitation in the low-energy limit4,5. This problem has been extensively and inten-
sively studied, and many studies have revealed basic and unknown properties of the spinless
BEC4,5,6,7,8,9,10. However, tunneling properties of excitations in the spin-1 BEC have been
untouched in earlier papers.
In the spin-1 BEC, there are 2-types of the ground state, called ferromagnetic state and
polar state11,12. For excitations, there are 3-types in each ground state, such as a Bogoliubov
mode and spin modes. These excitations have different wavefunctions and dispersion rela-
tions. A natural question concerning the spin-1 BEC is what kinds of excitations transmit
perfectly, transmit partially or reflect perfectly. The aim of this study is to reveal transmission
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2properties of those excitations in the spin-1 BEC. The results lead to a further understanding
of magnetism and transmission of spin excitations in spinor BECs.
Results are summarized as follows. We find that the total transmission occurs in all kinds
of excitations but the quadrupolar spin mode in the ferromagnetic state. Wavefunctions of
these excitations correspond to the condensate wavefunction in the long wavelength limit,
as seen in the spinless BEC7. We also find that the quadrupolar spin mode does not show
this correspondence, and experiences the total reflection.
2 Formulation
We start with the static Gross-Pitaevskii (GP) equations for the spin-1 BEC system11,12 for
the order parameters Φi with spin index i = ±1,0. These equations in a simplified form13
are given by
(
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where n=∑
i
|Φi|2, Fz = |Φ+1|2−|Φ−1|2, and F+ = F∗− =
√
2(Φ∗+1Φ0+Φ∗0 Φ−1). Interaction
strengths are given by c0 = 4pih¯2(2a2 +a0)/(3m), and c1 = 4pih¯2(a2−a0)/(3m), where m
is a mass, and aS is the s-wave scattering length with collision process with total spin S. g
is the Lande`’s g-factor, µB is the Bohr magneton. In the case c1 < 0, the ground state is so
called the ferromagnetic state11,12, while the ground state with c1 > 0 is the polar state11,12.
In this article, we discuss the tunneling problem of excitations, and hence we shall consider
small fluctuations δ Φi from the condensate wavefunctions: Φi +δ Φi.
In a homogeneous system, energies and wavefunctions of excitations have been ob-
tained11,12. We summarize the physical properties of excitations in the spin-1 BEC. In the
ferromagnetic state, one mode is the Bogoliubov mode, where the fluctuation is δ Φ+1 and
the excitation spectrum is E =
√
ε [ε +2(c0 + c1)n]. ε is given by ε = h¯2k2/(2m). Another
mode is a spin wave, where the fluctuation is δ Φ0 and the excitation energy is given by
E = ε + gµBBz. The other mode is a quadrupolar spin mode12, where the fluctuation is
δ Φ−1 with the energy E = ε +2|c1|n+2gµBBz.
In the polar state in the absence of a magnetic field (Bz = 0), one mode is the Bogoliubov
mode, where the fluctuation is δ Φ0 with E =
√
ε(ε +2c0n). The others are spin wave modes
doubly degenerated, where fluctuations are δ Φ±1 with E =
√
ε(ε +2c1n).
We calculate the transmission coefficient of those excitations against a potential barrier
in the following way. First, we solve the above Gross-Pitaevskii equations including a po-
tential barrier, Vext(x) = V0θ(a− |x|), with the Heaviside’s step function θ(x). Using the
resulting order parameters, we evaluate transmission and reflection coefficients by solving
equations for small fluctuations, such as a Bogoliubov equation, with imposing the bound-
ary conditions where incident, reflected and transmitted waves exist at asymptotic regimes.
The details of formulation will be reported in another article.
3Fig. 1 Transmission coefficients of excitations in the ferromagnetic state as a function of the wavenumber at
Bz = 0. Each figure corresponds to (a) Bogoliubov excitation, (b) spin wave mode, and (c) quadrupolar spin
mode. We set parameters V0 = 3c0n and a = ξ/2, where ξ ≡√2mc0n/h¯.
Fig. 2 Phase shifts of excitations in the ferromagnetic state as a function of the wavenumber at Bz = 0. Each
figure corresponds to (a) Bogoliubov excitation, (b) spin wave mode, and (c) quadrupolar spin mode. We set
parameters V0 = 3c0n and a = ξ/2.
3 Results
3.1 Ferromagnetic state
We first show the results in the ferromagnetic state. We use parameters a0 and a2 as a0 :
a2 = 110 : 107 as in Ref. 2. Figures 1 and 2 show transmission coefficients and phase shifts
of excitations, respectively. The phase shift is defined by an argument of an amplitude trans-
mission coefficient. Figures (a), (b) and (c) show the results for the Bogoliubov mode, spin
wave mode, and quadrupolar spin mode, respectively.
Note that all the excitations but the fluctuation of the quadrupolar spin show the total
transmission in the long wavelength limit. Phase shifts of these two excitations vanish in this
limit. These behaviors are qualitatively the same as those in the spinless BEC, irrespective of
dispersion relation. The excitation of the quadrupolar spin alone shows the total reflection,
and this phase shift does not vanish in the long wavelength limit. We found that the argument
of the amplitude reflection coefficient is pi in the long wavelength limit, corresponding to
the fixed-end reflection. We have checked that the results in the presence of the magnetic
field (Bz 6= 0) are qualitatively the same as ones at Bz = 0.
4Fig. 3 Transmission coefficients of excitations in the polar state as a function of the wavenumber at Bz = 0.
Each figure corresponds to (a) Bogoliubov excitation, and (b) spin wave modes doubly degenerated. We use
parameters V0 = 3c0n and a = ξ/2.
Fig. 4 Phase shifts of excitations in the polar state as a function of the wavenumber at Bz = 0. Each figure
corresponds to (a) Bogoliubov excitation, and (b) spin wave modes doubly degenerated. We set parameters
V0 = 3c0n and a = ξ/2.
3.2 Polar state
We present the results in the polar state at Bz = 0. We use parameters a0 and a2 as a0 :
a2 = 46 : 52 as in Ref. 2. Figures 3 and 4 show transmission coefficients and phase shifts
of excitations, respectively. In each figure, (a) and (b) show the results of the Bogoliubov
excitation, and spin wave modes doubly degenerated, respectively. The total transmissions
in the long wavelength limit occur in all excitations and the phase shifts vanish in the same
limit.
We note that, in the polar state at Bz 6= 0, there is a special case c0 = c1, which cor-
responds to the integrable condition found by Ieda14. In this condition, excitations of ±1
components from the ground state are completely decoupled, and hence the properties of
excitations are the same as those in the spinless BEC. We confirmed the total transmission
of 3-types of excitations in the long wavelength limit under the condition c0 = c1.
5Fig. 5 (a) Wavefunctions as a function of the position x in the ferromagnetic state at Bz 6= 0. The solid line
represents the condensate wavefunction Φ+1. The dashed and dotted lines represent real and imaginary parts
of the wavefunction of the spin wave mode in the long wavelength limit with energy E = 10−7c0n+ gµBBz,
where the dashed line coincides with the solid line. We set gµBBz = 2c0n. (b) Transmission coefficient of the
spin wave mode in the ferromagnetic state at Bz 6= 0 with gµBBz = 2c0n. Although this excitation spectrum
has the energy gap due to the Zeeman shift, this mode shows the total transmission in the long wavelength
limit.
4 Discussion
One finds that all excitations but the quadrupolar spin mode in the ferromagnetic state show
the total transmission through a potential barrier in the long wavelength limit. In striking
contrast to these results, the total reflection occurs in the quadrupolar spin mode.
There are several discussions about the total transmission of the Bogoliubov excita-
tion within the spinless BEC5,6,7,9. The first interpretation was presented on the basis of a
quasiresonant scattering near virtual level formed at zero energy5. However, this interpre-
tation was critically discussed comparing the wavelength of the excitation with the healing
length6. Other interpretations were submitted focusing on wavefunctions of excitations6,7,9.
In this section, we discuss a common property of excitations in BECs which show the total
transmission in the long wavelength limit, on the basis of the idea discussed in Ref. 9.
Through a study of the total transmission of excitations in the spinless BEC, one of the
authors and his collaborators found that the perfect transmission occurs when the wavefunc-
tion of the Bogoliubov excitation corresponds to that of the condensate in the low energy
limit7. In the spinor BEC, we confirmed that this property also holds in excitations studied
in the present paper. Wavefunctions of excitations in the spin-1 BEC which show the total
transmission in the long wavelength limit correspond to that of the condensate.
Figure 5 (a) shows the wavefunction of the spin wave in the ferromagnetic state, where
the total transmission occurs in this mode. One can confirm that the wavefunction of the
excitation with a long wavelength coincides with the condensate wavefunction. On the other
hand, we confirmed that the wavefunction of the quadrupolar spin mode in the ferromag-
netic state has a form different from that of the condensate in the long wavelength limit,
where this mode shows the total reflection in this limit. The coincidence and the discrep-
ancy of wavefunctions between the condensate and the excitations are crucial for the total
transmission and the total reflection in the long wavelength limit.
We also note that the gapless spectrum and dispersion linear in k are not always neces-
sary to the total transmission. We have shown the total transmission both in the Bogoliubov
excitation in the long wavelength limit (linear in k) (Fig.1 (a)) and in the excitation quadratic
6in k (Fig.1 (b)). Although the spin wave mode in the ferromagnetic state has the energy gap
due to the Zeeman shift at Bz 6= 0, this mode still shows the total transmission as shown in
Fig. 5 (b).
From those results, we shall make a conjecture, that an excitation, whose wavefunction
coincides with the condensate wavefunction in the long wavelength limit, transmits perfectly
against a potential barrier in this limit, irrespective of properties of the excitation. Other-
wise, reflection occurs. We should remark that this is valid when the condensate has equal
densities at x = ±∞. It is known that a partial transmission of the Bogoliubov excitation
occurs, if we consider a case where densities of the condensate in asymptotic regimes are
not equal. It is an interesting future problem to reveal how excitations transmit in such an
asymmetric system in the spin-1 BEC.
5 Conclusion
We reported transmission properties of excitations in the spin-1 BEC. We found that all
excitations but the quadrupolar spin mode in the ferromagnetic state experience the total
transmission in the long wavelength limit. A correspondence between the wavefunction of
an excitation and that of the condensate plays an important role in the total transmission.
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